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These notes, which are a revised version of [T], present an approach to 
obtaining monoid operations which are compatible with a given family 
of mappings in the sense that the mappings become left translations 
in the monoid. This can be applied to various situations such as 
the addition on the natural numbers and the integers as well as the 
concatenation of lists. Some of the results can also be found in [2] . 



1 Minimal £^-algebras 



Let (X, xo) be a pointed set (i.e., a set X together with a distinguished base-point 
Xq G X). A binary operation • on X will be called a monoid operation on {X, xq) 
if {X, •, Xq) is a monoid having xq as unit element, meaning that • is associative 
and X • Xq = Xq • X — X for all X G X . 

If • is a monoid operation on (X, xq) then a mapping u : X ^ X is said to be a 
(left) translation in (X, •, xq) if u{x) = u{xq) • x for all x & X. It then it follows 
from the associativity of • that 

u{xi • X2) = u{xo) • {Xi • X2) = {u{xo) • Xi) • X2 = u{xi) • X2 

for all xi, X2 e X, and therefore 

(★) u{xi) • X2 — u{xi • X2) for all Xi, X2 G X. 

On the other hand, if {-k) holds then u{x) = u{xo • x) = u{xo) • x for all x E X, 
and so It is a translation. 

Now let 5" be a fixed non-empty set. If X is any set then a mapping f : SxX ^ X 
will also be regarded as a family of mappings {fs}ses, where /s : X — >■ X is given 
by fsi^) — f{s,x) for all x E X. A triple (X, /, xq) consisting of a non-empty 
set X, a mapping / : 5 x X — > X and an element G X will be called an 
Cs-algebra, where the symbol C should be though of as standing for list. The 
reason for this terminology is that such triples are exactly the algebras - in the 
sense of universal algebra - associated with the signature for specifying lists of 
elements from the set S: The element xq corresponds to the empty list and fs{x) 
corresponds to the 'list' obtained by adding the element s to the beginning of the 
'list' X. (This doesn't mean, though, that the elements in an vC^-algebra have to 
look anything like real lists.) 

The kinds of £5-aIgcbras we have in mind - and which are introduced below - all 
have the additional property of being minimal: An ^5-algebra A = (X, /, xq) is 
said to be minimal if the only /-invariant subset of X containing xq is X itself, 
where a subset X' of X is f -invariant if /s(X') C X' for each s & S (or, what is 
equivalent, ii f{S x X') C X'). We will thus essentially restrict our attention to 
such objects. 

If A = (X, f,Xo) is an ^^-algebra then a monoid operation • on (X, a^o) will be 
called A-compatible if fs is a translation in (X, •, xq) for each s & S. The aim of 
these notes is to characterise those minimal £s-algebras A for which there exists 
a A-compatible monoid operation. If such an operation exists then it is unique: 

Lemma 1.1 If A is minimal then there exists at most one A-compatible monoid 
operation. 
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Proof Let A = (X, /, xq) and let •! and #2 be A-compatible monoid operations. 
Then the set Xq = {x G X : x •! ?/ = x #2 y for all ?/ G X} contains Xq, since 
Xq •! y = y = Xq ^2 y for all y E X, and it is /-invariant: If x G Xq then for all 
y e X it follows from (^) that /^(x) •ly = fs{x y) = fs{x -2 2/) = fs{x) -2 2/, and 
thus fs{x) G Xq for all s E S. Hence Xq = X, since A is minimal. This shows 
that •! = •2- □ 

Let A = (X, /, Xo) be a minimal £s-algebra. The main result (Theorem II. ip will 
present a necessary and sufficient condition for the existence of a A-compatible 
monoid operation in terms of what we call a reflection. In particular, it follows 
that if A is also commutative, meaning that fs ° ft = ft ° fs for all s, t E S, then 
there always exists a A-compatible monoid operation. 

If A = (X, /, Xo) is an ^g-algebra then a mapping /' : S* x X — )■ X will be called 
a reflection of f in A if /^(xq) = /s(xo) for all s G S' and fs°ft = ft° fs for all 
s, t E S. If /' is a reflection of / in A then, conversely, / is a reflection of /' in 
the ^s-algebra A' = (X, /',xo). Of course, / is a reflection of itself in A if and 
only if A is commutative. There is a related concept for monoid operations: To 
each monoid operation • on (X, xq) there is an associated operation given by 
Xi X2 = X2 • Xi for all Xi, X2 G X, which we also refer to as the reflection of •. 
The relation between • and is symmetric in that • is the reflection of •', and 
= • if and only if • is commutative. 

A reflection is necessary for the existence of a compatible monoid operation, as 
the next result shows. Theorem 11.11 then states that the converse is also true for 
minimal ^^-algebras. 

Proposition 1.1 Let A = (X, /, xq) be an Cs-algebra and suppose there exists a 
A-compatible monoid operation •. Let f : S x X ^ X be the mapping defined 
by fs{x) = X • /s(xo) for all X E X , s E S. Then f is a reflection of f in A, and 
the reflection •' of • is a A' -compatible monoid operation, where A' = (X, /',xo). 

Moreover, if A is minimal then so is A'. 

Proof For all s, t E S and all x G X 

{fs o ft){x) = fsUt{x)) = /:(/,(xo) . x) = (/,(xo) . x) . /.(xo) 

= ftixo) • {x . /.(xo)) = ftixo) • fsix) = ftifsix)) = if o fl){x) , 

i.e., fsOft = ft°fs- Also /^(xo) = Xo • /.(xo) = /.(xo) for all s E S, and thus 
/' is a reflection of / in A. Moreover, /^(x) = x • /.(xo) = /.(xo) x for all 
X G X, s G S", and so is a A'-compatible monoid operation. The proof of 
the final statement (that if A is minimal then so is A'), which is not quite so 
straightforward, is given later. □ 
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Lemma 1.2 //A = {X, f,xo) is minimal then there exists at most one reflection 
of f in A. 

Proof If /' and /" are both reflections of / in A then the set Xq consisting of 
those X G X for which //(x) = ft{x) for alH G 5" contains the element Xq, since 
/i(^o) = ft{xo) = ft{xo) for all t E S, and it is /-invariant: If x E Xq and 
s e S then flifsix)) = fs{f't{x)) = fsifl'ix)) = //'(/.(x)) for alH G 5 and so 
fs{x) G Xq. Hence Xq = X, since A is minimal, which shows that fj- = f'l for all 
t G 5, i.e., /' = /". □ 

Theorem 1.1 Let A = (X, /, xq) he a minimal Cs-algebra. Then there exists a 
A-compatible monoid operation (which by Lemma \l.l\ is then unique) if and only 
if there is a reflection f of f in A. 

Proof Later. □ 

Here is the special case of Theorem 11.11 for a commutative ^5-algebra. 

Theorem 1.2 Let A be a minimal commutative Cs-algebra. Then there exists a 
unique A-compatible monoid operation + and this operation is commutative. 

Proof This follows from Theorem 11.11 and Proposition 11.21 (1). □ 

Before coming to the examples we give a result which shows the relationship 
between properties of a A-compatible monoid operation and properties of the 
family of mappings {/Jse5- 

Proposition 1.2 Let A = (X, /, xq) be a minimal Cs-algebra and suppose there 
exists a A-compatible monoid operation • (which by Lemma lTll is then unique). 
Then: 

(1) The monoid (X, •, xq) is commutative (meaning that Xi • X2 = X2 • Xi for all 

Xi, X2 & X) if and only if A is commutative. 

(2) The monoid (X, •,Xo) obeys the left cancellation law (meaning that xi = X2 
whenever x • Xi = x • X2 for some x & X) if and only if fg is infective for 
each s E S . 

(3) The monoid (X, •,xo) is a group if and only if fg is surjective for each 
s E S , which is the case if and only if fg is bijective for each s G S*. 



1 Minimal ^^-algebras 



4 



Proof Later. □ 

Note that a monoid {X,»,xq) obeys the right cancellation law (meaning that 
Xi = X2 whenever xi • x = X2 • x for some x G X) if and only if the reflection •' 
obeys the left cancellation law. Thus if A = (X, /, a;o) is a minimal £5-algebra 
for which there exists a A-compatible monoid operation • then by Theorem 11.11 
and Propositions II. ll and 11.2] {X,»,xq) obeys the right cancellation law if and 
only if is injective for each s G 5, where /' is the reflection of / in A. 

Let us now look at some typical examples of £s'-algebras. 

1. Let A be a set consisting of a single element, say Consider an £A-algebra 
A = (X, /, xo); then / : AxX — )■ X can be regarded just as a mapping f : X ^ X 
(by identifying / with /^) and A being minimal means that the only subset X' 
of X containing xq with f{X') (Z X' is X itself. Here A is clearly commutative, 
and so by Theorem 11.21 there exists a unique A-compatible monoid operation + 
and this operation is commutative. The most important example here is the 
£A-algebra (N, s, 0), where N = {0,1,...} is the set of natural numbers and 
s : N N is the successor operation (with s(0) = 1, s(l) = 2 and so on). The 
fact that (N, s, 0) is minimal follows from one of the Peano axioms, namely the 
axiom requiring the principle of mathematical induction to hold. The operation 
+ given by Theorem 11.21 in this case is the addition on N: By (★) and since is 
the unit element it follows that 

(+o) + n = n for all n G N, 

(+i) s{ni) + 77-2 = s(ni + n2) for all rii, n2 G N, 

and the 'equations' (+o) and (+i) are the usual recursive specification for the 
addition. Proposition 11.21 (2) confirms that the cancellation law holds here, since 
the successor operation s : N — > N is injective. 

Theorem 11.21 shows that the addition on N can be obtained without using the 
other two Peano axioms. These axioms, when stated in terms of an i^A-algebra 
(X, /, xo) require the mapping / to be injective and /(x) 7^ Xq to hold for all 
X G X. What if (X, /, xq) is minimal but one of these axioms does not hold, and 
so either xq G /(X) or / is not injective? In both cases X is finite. If Xq G /(X) 
then / is a bijection and the picture looks like: 
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Here + is really nothing but addition modulo n with n the cardinality of X and, 
as confirmed by Proposition 11.21 (3), in this case the associated monoid is an 
abelian group. If / is not injective then the picture is the following: 




Even if it is surprising that an addition exists in this case it is a simple enough 
matter to explicitly compute what this operation has to be. Since / is not injective 
Proposition 11.21 (2) implies that the cancellation law does not hold here. 

2. Let (X, xq) be a pointed set, let /+ : X — )■ X be a bijection and put /_ = /^^. 
Then A = (X, /, xq) is an £±-algebra with ± = {+, — }, where / : ± x X — > X is 
given by = f+{x) and f{—,x) = f-{x) for all x E X. In particular, A is 
commutative. A very special case of this is the £±-algebra A^ = (Z, s, 0), where 
s+(n) = n + 1 and S-{n) = n — 1 for all G Z. It is easily checked that A^ is 
minimal. Thus by Theorem 11.2 1 there is a unique A^-compatible monoid operation 
+ which is commutative, and + is uniquely determined by the requirements that 
m + = = + m for all m G Z and 

s+(m + n) = s_(.(m) + n and s_(m + n) = s_(m) + n 

for all m, n E Z. Of course, + is the usual addition on Z. Proposition 11.21 (3) 
confirms that (Z, +, 0) is a group, since s_|_ and s_ are both bijections. 

3. Let (M, •, e) be a monoid and let a : M x M — )■ M be the mapping given by 
cr(a, b) = a • b. Then A = (M, a, e) is an £M-algebra, which is clearly minimal 
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since a = aa{e) for each a G M. Moreover, A is commutative if and only if the 
monoid M is. This can be generahsed somewhat: Again let (M, •, e) be a monoid, 
let S* be a non-empty subset of M and let a : 5* x M — )■ M be the mapping given 
by a{a,b) = a • b. Then A = (M, a, e) is an £5-algebra, and it is easy to see 
that A is minimal if and only if the only submonoid of M containing 5 is M 
itself. Moreover, A is commutative if and only ifa»b = b»a for all a, b E S 
(and if A is minimal then this is the case if and only if M is commutative). 
Here the operation • itself is clearly a A-compatible monoid operation, since 
<7a{b) = a»b = {a»e) •b = o"a(e) •b for all a G 5, 6 G M. Moreover, the reflection 
a' of cr in A is given by cr'(a, b) = b» a. 

4. Denote by S* the set of all finite lists of elements from S*, let e be the empty 
list and < : 5* x S** — ?■ S** be the mapping such that <s is the operation of adding 
the element s to the beginning of a list. More precisely, S* = lJn>o ^ith the 
element (si, . . . , s„) of 5" usually written as Si ■ ■ ■ e is the single element in 
5° and <s{si ■ ■ ■ s„) = s Si ■ ■ ■ s„, with <s{£) = s e S'^ C S* . Then A = (S**, <, e) 
is the eponymous >C5-algebra and it is easy to see that A is minimal. Note that 
if S consists of more than one element then A is not commutative. Here the 
concatenation operation • given by 

■^l ■ ■ ■ -Sm • -^i ■ ■ ■ S^ = Si ■ ■ ■ S^n S-^ • • • 

is a A-compatible monoid operation. Moreover, the reflection <' of < in A is the 
mapping such that <!g is the operation of adding the element s to the end of a 
list, i.e., <s(si ■ ■ ■ Sn) = si ■ ■ ■ s„ s. We will deal with this example in more 
detail in Section [3l 

5. Let n > 1 and define a mapping / : S* x S*" — S*" by 

/(S, (Si, . . . , Sn)) = (S, Si, ... , Sn-l) ] 

let Xq be any element of 5". Then A = (5*",/, Xq) is an ^^-algebra, which 
is minimal since (si, . . . , s„) = fs^ifsii' ■ ■ fs„{^) ■■■)) for all (si, . . . , s„) G S", 
X & S^, and in particular with x = Xq. If S consists of more than one element then 
A is not commutative, and in this case there is no A-compatible monoid operation: 
Suppose • were A-compatible; then for all xi, X2 G S"" with xi = (si, . . . , s„) it 
would follow from {-k) that 

Xi»X2 = (Si, ...,Sn)»X2 = /.i(/s2(- " " /s„(a;o) ■■■))• 

= fsAfs2{---fs,Axo)---)*X2) = ■■■ = fsAfs2{- fsAx2) ■■■))=Xi 

and in particular that a; = • a; = for all a; G 5". 

6. An alternative description of ^5-algebras is that they are semiautomata with 
input alphabet S and a specified initial state: By definition a semiautomaton 
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is a triple (Q, consisting of a set Q (the set of states), a set S (the input 
alphabet, which is usually finite) and a mapping 5 : Q ^ Q (the transition 
function). If (Q, E, 6) is a semiautomaton and go ^ which can be considered as 
an initial state, then (Q, 5', go) is an ^^-algebra, where 5' : S x Q — )■ Q is obtained 
by transposing the arguments of 5, i.e., 5\a,q) = S{q,a) for all a G S, g G Q. 
Conversely, if (X, /, a;o) is an ^g-algebra then (X, S, f) is a semiautomaton with 
input alphabet 5, where again /' is obtained by transposing the arguments of /, 
and Xq is an initial state. 

We now give the proofs which were omitted above. In Section [2] we give an 
alternative approach to proving these results. This is based on Cayley's theorem 
(in its version for monoids). 

Proof of the final statement in Proposition We are assuming A is minimal 
and must show that A' is also minimal. Let X' be the least /'-invariant subset 
of X containing xq. We first show that X' is a submonoid of (X, •,xo), i.e., 
y • X e X' ioi all x G X' . Let Xq = [x e X' : x •' y ^ X' for all y G X'}, 
and so in particular xq G Xq, since xq y = y E X' for all y G X'. Let x G Xq 
and s E S; if y E X' then x •' y E X' and therefore /^(x) •' y = /^(x •' y) E X', 
since X' is /'-invariant, i.e., /^(x) G X'. Hence Xq is an /'-invariant subset of X' 
containing Xo, which implies Xo = X', since X' is the least /'-invariant subset 
of X containing xo. This establishes that |/ • x = x •' |/ G X' for all x, y G X'. 
Next consider x G X' and s E S; then /^(xo) G X', since X' is /'-invariant and 
contains xq, and /s(x) = /s(xo) • x = /^'(xo) • x G X'. Hence X' is /-invariant 
and contains xq, which implies that X' = X, since A is minimal. Therefore A' is 
also minimal. □ 

We now prepare for the proof of Theorem 1 In what follows let A = (X, /, xo) 
be a minimal £5'-algebra. 

Lemma 1.3 ^4 binary operation • on X satisfying 
(•o) Xq • X = X for all x E X , 

(•i) fs{xi) • X2 = /s(xi • X2) for all Xi, X2 G X and all s E S 

is a A-compatible monoid operation on (X, xq). 

Proof Let • be a binary operation satisfying (#0) and (^i). Then • is associative: 
The set Xo = {x G X : x • (xi • X2) = (x • Xi) • X2 for all Xi, X2 G X} contains 
Xo, since (#0) implies Xo • (xi • X2) = Xi • X2 = (xq • Xi) • X2 for all Xi, X2 G X, 
and it is /-invariant: If x G Xq then x • (xi • X2) = (x • Xi) • X2 for all Xi, X2 G X 
and therefore by (^i) 

/,(x) • (xi • X2) = fs{x • (xi • X2)) 

= /s((x • Xi) • X2) = fs{x • Xi) • X2 = {fs{x) • Xi) • X2 
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and thus fs{x) G Xq for all s E S. Hence Xq = X, since A is minimal. This 
shows • is associative. 

Similarly, the set Xq = {x E X : x • xq = x} contains xq, since xq • xq = xq by 
(•o), and it is /-invariant: If x G Xq then fs{x) • Xq = fs{x • Xq) = fs{x) by ("i), 
and thus fs{x) G Xq for all s G S*. Hence Xq = X, since A is minimal. This 
shows that X • Xq — X for all x G X, which in turn implies that x»Xq = Xq»x = x 
for all x G X, since (•o) holds, and so we have established that • is a monoid 
operation on (X, xq). 

Finally, • is A-compatible because {•i) is the same as (*) and (^) holding for a 
mapping is equivalent to it being a translation. □ 

If X G X then a mapping g : X ^ X will be called x-allowable if ^(xq) = x and 
fsog = gofsioT all s E S. 

Lemma 1.4 // there exists a reflection f of f in A then for each x G X there 
exists a unique x-allowable mapping g^ : X ^ X . 

Proof Consider the set Xq consisting of those elements x G X for which there 
exists an x-allowable mapping. Then xq G Xq, since idx is Xo-allowable, and Xq 
is /-invariant: Let x G Xq with x-allowable mapping : X — )■ X, let s G 5* and 
put g' = go /^. Then ^'(xq) = gif'sixo)) = g{fs{xQ)) = fsiQixQ)) = /^(x) and for 
allteS 

ftog' = fto{gof^) = {f,og)of^ 

= {Qoft)of: = go{f,of'^) = go{f'^of,) = {gof2of, = g'of, 

and so g' is /s(x)-allowable, i.e., fs{x) G Xq. Thus Xq = X, since A is minimal. 
This shows that for each x G X there exists a mapping g : X X with g{xQ) = x 
and f t ° Q = Q o ft for all t G S*. 

Now for the uniqueness: Let x' G X and gi, g2 be x'-allowable mappings. Then 
Xq = {x G X : gi{x) = ^2(3^)} contains xq, since ^»i(xo) = x' = g2{xQ), and it is 
/-invariant, since if x G Xq then gi{fs{x)) = fi.{gi{x)) = f'Xg2{x)) = g2{fs{x)) 
and so /s(x) G Xq for all s G S*. Again this implies that Xq = X, which shows 
that gi = g2- □ 

Proof of Theorem We are assuming there exists a reflection /' of / in A, 
and so by Lemma 11.41 there exists for each x G X a unique x-allowable mapping 
: X -> X. Define a binary operation • on X by letting ) for all 

X, x' G X. Then xq • x = gx{xQ) = x for all x G X and 



fsiXi) •X2 = gx2ifsiXi)) = fsiQx2{Xi)) = fsiXi»X2) 
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for all xi, X2 E X and all s E S, and hence (•o) and ("i) hold. Thus by Lemma [T73] 
• is a A-compatible monoid operation on (X, xq). Conversely, if there exists a 
A-compatible monoid operation on {X, xq) then Proposition II. II shows that there 
exists a reflection of / in A. □ 

Proof of Proposition (1) Suppose first that (X, •, xq) is commutative and let 
s, t E S. Then 

{fs O ft){x) = fsiftix)) = fsixo) • ftix) = fs{xo) • ft{Xo) • X 

= ftixo) • fsixo) •X = ft{xo) • fsix) = ftifsix)) = {ft O fs){x) 

for all x G X and hence fs ° ft = ft ° fs, which shows that A is commutative. 
Suppose conversely A is commutative. We first show that fs{y) * x = y • fs{x) 
for all X, y E X , s E S , and for this fix x G X and s E S and consider the set 
X' = {y E X : fs{y) •x = y fs{x)}. Then /^(xo) • x = fs{x) = Xq • fs{x), and 
so Xo G X', and ii y E X' and t E S then 

fsiftiy)) •x = ftifsiy)) •x = ftifsiy) •x) = ft{y • fs{x)) = ft{y) • fs{x) 

and so ft{y) E X'. Thus X' is /-invariant and contains xq and therefore X' = X, 
since A is minimal, which means that fs{y) • x = y • fs{x) for all x, y E X, 
s E S. Now consider the set Xq = {x G X : x •?/ = ?/• x for all ?/ G X} and so 
in particular xq G Xq. If x G Xq and s E S then 

fsix) •y = fsix •y) = fsiy • x) = fsiy) •x = y fsix) 

for all y E X, i.e., fsix) E Xq. Hence Xq is /-invariant and contains Xq and 
therefore Xq = X, since A is minimal. This shows (X, •,Xo) is commutative. 

(2) Suppose first that fs is injective for each s E S and let 

Xo = {x G X : Xi = X2 whenever x • Xi = x • X2} ; 

in particular Xq G Xq. Consider x G Xq and s G S*; if fsix) • Xi = fsix) • X2 then 
fsix • xi) = fsix) • xi = fsix) • X2 = fsix • X2), hence x • xi = x • X2, since fs is 
injective, and so Xi = X2, since x G Xq, i.e., /^(x) G Xq. Thus Xq is /-invariant 
and contains xq and therefore Xq = X, since A is minimal. This shows that 
(X, •, Xo) obeys the left cancellation law. Suppose conversely that (X, •, xq) does 
obey the left cancellation law, let s G S" and let Xi, X2 G X with /^(xi) = /s(x2). 
Then /s(xo) • xi = /s(xi) = /s(x2) = fsixo) • X2 and therefore xi = X2, which 
implies that fs is injective. 

(3) Suppose first that fs is surjective for each s E S. Let 

Xo = {x G X : for each y E X there exists z E X such that x • z = y} , 
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and so in particular xo G -'^o, since xq • y — y ior all y E X . Consider x E Xq 
and s E S, and let y e X; since fs is surjective there exists y' E X such that 
fs{y') = y and since x G Xq there then exists z E X with x • z = y'. Hence 
fs{x) • z = fs{x • z) = fs{y') = y, which shows that fs{x) e Xq. Therefore Xq is 
/-invariant and contains a;o and thus Xq = X, since A is minimal. In particular, 
for each x E X there exists y E X such that x • y — xq, and this implies that 
{X,»,xo) is a group. (Let x E X; then there exists x' E X with x • x' = xq 
and x" E X with x' • x" = Xq and so x = x • Xq = x • x' • x" = Xq • x" = x", 
i.e., x' • X = Xq.) Suppose conversely that {X,»,xo) is a group, let s e 5 and 
let X E X; then there exists y E X such that fs{xo) • y = x, i.e., such that 
fsiy) = fsixo) •y ^ X. Hence is surjective. 

Finally, if fg is surjective for each s E S then {X, •,Xo) is a group, and the left 
cancellation law holds in any group. Thus by (2) fg is also injective for each 
s E S. n 



2 Transformation monoids 



In what follows let (X, xq) be a fixed pointed set. Denote the set of all mappings 
of X into itself by T^; we thus have the monoid {Tx, °, idx), where o is functional 
composition and idx is the identity mapping. The submonoids of Tx are often 
referred to as transformation monoids. 

The results of Section [T] will be established using properties of certain of these 
submonoids. To be a bit more definite: For each mapping f : S x X X let 
Mf be the least submonoid of Tx containing for each s & S (i.e., Mf is the 
intersection of all such submonoids). Then the statements about the existence 
of a A-compatible monoid operation for a minimal ^^-algebra A = (X, /, xq) can 
all be deduced from properties of Mf and related submonoids. 

Recall that a binary operation • on X is a monoid operation on (X, xq) if (X, •, xq) 
is a monoid having xq as unit element. Moreover, if • is a monoid operation on 
(X, Xq) then a mapping u G T^ is a translation in (X, •, xq) if u{x) = u{xo) • x 
for all x G X, and in this case it follows from the associativity of • that 

{•k) u{xi) • X2 = u{xi • X2) for all Xi, X2 G X. 

Let $ : Tx — )• X be the evaluation mapping at Xq given by = u{xo) for each 
u G Tx- The restriction of this mapping to a subset A of Tx will be denoted by 
in particular there is then the mapping $m : M — )■ X for each submonoid 
M of Tx- 

We start with Cayley's theorem (in its version for monoids); this provides the 
key to the approach we are going to take here. For each monoid operation • on 
(X, Xq) define a mapping : X — )■ Tx by letting 

^,(a;)(x') = X • x' 

for all X, x' G X, and put M. = ^,(X). 

Theorem 2.1 (Cayley's theorem) Let • be a monoid operation on (X, xq); 
then the following hold: 

(1) , is an injective homomorphism from (X, •,Xo) to (Tx,o,idx); thus M, is 
a submonoid of Tx and \E', : (X, •,Xo) — )■ (M,,o,idx) is an isomorphism. 

(2) M, consists exactly of the translations in (X, •,xo), and so in particular 
the set of translations is a submonoid of Tx- 

(3) The inverse of the isomorphism \E', is the mapping : M, — )■ X, and 
hence <I>m. : {,M,,o^idx) — )■ (X, •,xo) is an isomorphism. 
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Proof (1) The mapping is a homomorphism since if Xi, X2 G X then 
• X2)(a;) = (xi • X2) • X = xi» {x2 • x) = \l/,(xi)(x2 • x) 

= ^f.(Xi)(^.(x2)(x)) = (^.(Xi) O *.(X2))(X) 

for all X G X, i.e., \&,(xi • X2) = ^E'.(xi) o \[',(x2), and \E',(xo)(x) = xq • x = x for 
all X G X, i.e., \E',(xo) = idx- It is injective, since if \E',(xi) = \E',(x2) then 

Xi = Xi • Xo = ^',(Xi)(Xo) = ^,(x2)(Xo) = X2 • Xo = X2 . 

(2) If -u G M, then u = "^,{11) for some ?/ G X and thus 

u{x) = \E',(y)(x) = y • X = {y • xq) • x = \E',(?/)(xo) • x = 'u(xo) • x 

for all X G X, i.e., m is a translation in (X, •,xo). Conversely, suppose u G Tx is 
a translation in (X, •, xq) and put v = \E',(u(xo)); then v G M, and 

f (x) = \E',('u(xo))(x) = 'u(xo) • X = ■u(x) 

for all X G X, i.e., v = u and so m G M,. This shows M, is the set of translations 
in (X, •,xo). 

(3) For each x G X we have ($Af. = (^.(a;)) = x»Xo = x = idx(a^), 
therefore $m. '■ M, — )■ X is the set-theoretic inverse of \E', and hence also the 
inverse of the monoid isomorphism. □ 

Lemma 2.1 // •! and #2 are monoid operations on (X, xq) with M,^ = M,^ 
then •! = •2. 

Proof Put M = M,^ = M,2. By Theorem O (3) $a/ is the inverse of both ^.^ 
and ^^,2 and therefore ^'.^ = \E',2 (considered as mappings from X to M). It thus 
follows that X •! x' = \E',^(x)(x') = '$,^{x){x') = x #2 x' for all x, x' G X, i.e., 
•1 = •2- □ 

Theorem 12. II implies that if A = (X, /, xq) is an /^^-algebra for which there exists 
a A-compatible monoid operation • then fg G M, for each s G S* and therefore 
Mf C M,. 

Let us say that a subset A of Tx is XQ-minimal if the only A- invariant subset 
of X containing xq is X itself, where X' is A-invariant if it is u- invariant (i.e., 
m(X') C X') for each u & A. Now the set {m G Tx : X' is w-invariant } is clearly 
a submonoid of Tx for each X' C X; thus if A = (X, /, xq) is an £5-algebra 
then a subset X' of X is /-invariant if and only if it is M/-invariant. Hence A is 
minimal if and only if the submonoid Mf is xo-minimal. 
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Lemma 2.2 A suhmonoid M of Tx is XQ-minimal if and only if the mapping 
$Af is surjective. 

Proof Put Xq = $m(M); then xq = $M(idx) e Xq, and if x = (^niv) G Xq then 
= u{v{xo)) = ^m{u ° v) ^ Xq for all u G M; hence Xq is an M-invariant 
subset of X containing xq. But each element of Xq has the form v{xo) for some 

V E M and so lies in any any M-invariant subset of X containing xq, and this 
implies Xq is the least M-invariant subset of X containing xq. Hence Xq = X 
(i.e., ^m{M) = X) if and only if M is xo-minimal, and ^m{M) = X is the same 
as $M being surjective. □ 

For each subset A of Tx denote by Za the centraliser of A in Tx, i-e., 
Za = {u E Tx : u o V = V o u for all V E A} . 

The centraliser Z^ is a submonoid of Tx , since idx ou = u = uo idx for all m G A 

and if fi, f2 G Za then Vi o V2 o u = Vi o u o V2 = u o vi o V2 ioi aX\ u E A. 

Lemma 2.3 If M is an XQ-minimal submonoid of Tx then the mapping ^■^ 
injective. 

Proof Let Mi, U2 G Zm with $ZAf(Mi) = $Zm(w2), i-e., with Mi(xo) = U2{xo). 
Then the set Xq = {x G X : ■Ui(x) = 'U2(3;)} contains Xq, and it is M-invariant, 
since if Ui{x) = U2{x) then Ui{v{x)) = v{ui{x)) = v{u2{x)) = U2{v{x)) for all 

V G M. Thus Xq = X, since M is Xo-minimal, i.e., Ui = U2, which implies that 

is injective. □ 

A subset A of a submonoid M of Tx is called a generator of M ii M is the least 
submonoid of Tx containing A. In particular, if A = (X, /, xq) is an £5-algebra 
and fs = {uE Tx : u = fs for some s E S}, then fs is a generator of M/. Recall 
that to each monoid operation • on (X, Xq) the reflection •' of • is the monoid 
operation given by Xi •' X2 = X2 • Xi for all Xi, X2 G X. 

Theorem 2.2 Let M be an x^-minimal submonoid of Tx- Then the following 
are equivalent: 

(1) There exists a unique monoid operation • with M = M, . 

(2) The mapping $jvf is injective (and thus by Lemma \2.S\ bijective). 

(3) The mapping ^Zm is surjective (and thus by Lemma \2. 3[ bijective). 

(4) There exists a generator A of M and a subset A' of Zm with = ^{A). 

(5) There exists a bijective mapping 9 : M ^ Zm with ^Zm ° ^ = ^m- 
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Moreover, if one (and thus all) of these statements holds and • is the unique 
monoid operation with M = M, then Zm = M,r. Also, if A is a generator of M 
and A' is a subset of Zm with ^{A') = then A' is a generator of Zm- 

Proof This is broken up into various parts below. □ 

Note that if M is a commutative xo-minimal submonoid of Tx - and thus by 
Lemma $ m is surjective - then ^^^o surjective, since C Zj^ holds 

whenever iV is a commutative submonoid. Hence by Theorem 12.21 there exists 
a unique monoid operation • such that M = M,. Moreover, M, C Zm, = M,i 
and thus M, = M,/, since by Theorem 12.11 (3) (^m, and $m./ are both bijections. 
Therefore by Lemma [2.11 • = •', which shows that (X, •,a;o) is commutative. 

Proposition 2.1 Let M he a submonoid of Tx- Then a monoid operation • on 
{X,Xo) with M = M, exists if and only if^M is a bijection. Moreover, if* exists 
then it is unique. 

Proof If M = M, for some monoid operation • then by Theorem 12.11 (3) the 
mapping $m is a bijection. Suppose conversely that $m : M — )■ X is a bijection. 
There then exists a unique binary relation • on X such that 

$m(«i) • ^m{u2) = ^m{ui o U2) 

for all Ml, M2 G M. The operation • is associative since o is: U xi, X2, x^ & X 

and Ui, U2, U3 E M are such that Xj = for j = 1, 2, 3 then 

(Xi • X2) •Xs = ($m(Mi) • ^Miu2)) • $m(m3) = ^uiui O U2) • $A/(m3) 
= O U2) O U3) = ^m{ui O {u2 O Us)) 

= $Af(Ml) • ^m{u2 O U3) = $A/(mi) • ($A/(m2) • $m(m3)) 
= Xi • (X2 • X3) . 

Also, Xq is the unit for •, since if x G X and m G M is such that x = ^m{u) then 
X • Xq = ^m{u) • $M(idx) = ^m{u o idx) = ^m{u) = x, and in the same way 
Xq • X = X. Therefore (X, •, xq) is a monoid. We next show that M is exactly the 
set of translations in (X, •,xo). Let u & M and x G X. Since $a/ is surjective 
there exists t> G M with x = ^m{v) = v{xo) and thus 

m(x) = u{^m{v)) = u{v{xo)) = {uo v){xo) 

= ^m{u Ov) = • ^Aliv) = ^Aliu) • X = u{xo) • X 

which shows u is a translation in (X, •,xo). Suppose conversely that u G Tx is 
a translation in (X, •,xo); again since $4/ is surjective there exists f G M with 
v{xo) = ^m{v) = 'u(xo) and then 'u(x) = m(xo)»x = v{xo)»x = v{x) for all x G X 
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(since v is also a translation in (X, /, xq))- Thus m = f G M. Therefore M consists 
of exactly the translations in (X, •,xo), and so by Theorem 12.11 (2) M = M,. 
The final statement (concerning the uniqueness of •) follows immediately from 
Lemma 12.11 □ 

Lemma 2.4 For each monoid operation • on {X,xq) the centraliser of M, in 
Tx is the suhmonoid M,/,i.e., Zm, = M,i . 

Proof Consider u G M, and v G M,/; then by Theorem 12.11 (2) -u is a translation 
in (X, •, Xq) and v a translation in (X, •', Xq), hence for all x G X 

{u o v){x) = u{v{x)) = 'u(xo) • v{x) 

= u{xq) • (f (xo) x) = u(xo) • (x • f (xo)) = (^^(xo) • x) • f (xo) 
= u{x) • f (xo) = f (xo) •' u{x) = v{u{x)) = (f o u)(x) 

and so uov = vou. Therefore v G Zm,, which implies M,/ C Zm,- Now consider 
u G Zm,, and so u o v = v o u for all v & M,; we show that m(x) = m(xo) •' x for 
all X G X, which will imply that u = \l/,'(-u(xo)) G M,/. Thus let x G X; then 
X = f (xq) for some v G M,, since is surjective, and hence 

u{x) = u{v{xq)) = f (n(xo)) = v{xq) • u(xo) = x • m(xo) = ^i(xo) •' X . 

Hence Zm, C M,>. □ 

Proposition 2.2 Lei Af 6e an xo-minimal suhmonoid of Tx- Then the mapping 
$Af injective (and thus by Lemma WT^ hijective) if and only if^ZM ^-^ surjective 
(and thus by Lemma l27^ hijective). Moreover, in this case Zm = M,i , where • is 
the unique monoid operation such that M = M, (given by Proposition \2. 1\) . 

Proof Suppose first is surjective. Let ui, U2 E M with $^(^^1) = ^m{u2), 
i.e., with Mi(xo) = U2{xo). Then the set Xq = {x G X : Ui(x) = U2{x)} contains 
xo, and it is ZM-invariant, since if mi(x) = U2{x) then for all v G Zm 

Ui{v{x)) = v{ui{x)) = v{u2{x)) = U2{v{x)) . 

Hence Xq = X, since by Lemma 12.21 Zm is Xo-minimal, i.e., Ui = U2, which 
implies that $m is injective. (Note that this the same as the proof of Lemma [231 
but with the roles of M and Zm reversed). Suppose now that $a/ is injective and 
thus bijective. Then by Proposition 12.11 there exists a monoid operation • with 
M = M, and so by Lemma [2.41 Zm = M,i. Therefore by Proposition 12.11 <l>z^j is 
bijective. □ 
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Proposition 2.3 Let M be an XQ-minimal suhmonoid of Tx and let A he a 

generator of M. Suppose there exists a subset A' of Zm with = 

Then ^■^ surjective (and thus by Lemma \2. 3\ bijective) and A' is a generator 

of Zm- 

Proof Let be any submonoid of Zm containing A' and put Xq = $(A^). Tlien 
the set Xo is A-invariant: Let x = v{xo) G Xq (witli v G A^) and u ^ A, and so 
u o V = V o u (since u & M and v G Zm)] moreover, since $(^4) = $(y4') tliere 
exists u' E N with = i.e., with u'{xq) = u{xo). Hence 

u{x) = u{v{xo)) = v{u{xq)) = v{u{xo)) = (f o u'){xo) = ^{v o u') G Xq 

and so u{x) G Xq. Thus Xq is M-invariant, since {u G Tx : Xq is u-invariant} 
is a submonoid of T^. Moreover, xq G Xq, since id^ G X and idx(a;o) = Xq. 
Therefore Xq = X, since M is xo-minimal, which shows that $Ar is surjective. 
But N C Zm and so surjective. Therefore by Lemma 1^751 $ z^, is bijective, 

which is only possible if N = Zm- Moreover, taking N to be the least submonoid 
containing A' implies that A' is a generator of Zm- □ 

Proof of Theorem\2^ (1) (2) is Proposition EUl 
(2) ^ (3): This is a part of Proposition 12.21 

(4) ^ (3): This follows from Proposition 12.31 

(5) (4): This is clear, since a generator A oi M exists (for example, M itself), 
and then $(v4) = <I>(A') with A' = e{A). 

(1) =^ (5): Let • be the unique monoid operation with M = M,. Then by 
Lemma [Ml Zm = M,/ and thus by Theorem O 9 = o ^m ■ M -i- Zm is a 
bijection. 

Finally, suppose that one (and thus all) of the statements holds and let • be 
the unique monoid operation with M = M,. Then by Lemma 12.41 Zm = M,/. 

Moreover, if A is a generator of M and A' is a subset of Z]\j with $(A') = $(A) 
then by Proposition 12.31 A' is a generator of Zm- 

This completes the proof of Theorem 12.21 □ 

We now look at how Theorem 12.21 can be applied to the situation considered in 
Section [H and first note the following: 

Lemma 2.5 Let A = (X, /, xq) be a minimal Cs-algebra and let • be a monoid 
operation on {X,xq). Then • is A-compatible if and only if Mf = M,. 
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Proof Since A is minimal the submonoid Mf is xo-minimal. Suppose first that • is 
A-compatible. Then by Theorem 12. II (2) fs G M, for each s G S" and so Mf C M,. 
But by Lemma 12.21 the mapping is surjective and by Theorem 12.11 (3) the 
mapping ^m, is bijective, which implies that Mf = M,. Conversely, if Mf = M, 
then by Theorem 12.11 (2) • is A-compatible. □ 

Let A = (X, /, xq) be a minimal ^^-algebra and suppose there exists a reflection 
/' of / in A. We apply Theorem 12.21 to show that there exists a A-compatible 
monoid operation •. As before put fs = {uE Tx '■ u = fs for some s G 5*}, and 
so fs is a generator of Mf, and put f'g = {v E Tx '■ ''J = fs some s G 5}. 
Then ^{fs) = ^{f's), since /^(xq) = /.(xq) for each s e S. Moreover, f'g C Zf^, 
since fs o f^ = f'f o fs for all s, t E S, and it follows that f'g C Zpjf (since if A 
is a generator of a monoid M then it is easy to see that = Zu\ Therefore 
by Theorem 12.21 ((4) (1)) there exists a unique monoid operation • on (X, xq) 
with Mf = M,, and so by Lemma [2.51 • is A-compatible. 

It also follows from Theorem 12.21 that Zm^ = M,/ and that fg is a generator of 
M,i, i.e., Mf/ = M,i. Hence by Theorem 12.11 (3) $m^, is bijective which, together 
with Lemma 12. 2[ implies that A' = (X, /', xq) is minimal. (This was the final, 
and only non-trivial, statement in Proposition 11.11 ) 

We next consider a result which corresponds to Proposition 11.21 

Proposition 2.4 Let • be a monoid operation on {X,Xo). Then: 

(1) The monoid (X, •,Xo) is commutative if and only if M, is commutative. 

(2) The monoid (X, •, a;o) obeys the left cancellation law if and only each mapping 
in M, is injective. 

(3) The monoid (X, •,Xo) is a group if and only if each mapping in M, is 
surjective, which is the case if and only if each mapping in M, is a bijection. 

Proof These all use the fact that the monoids (X, •,xo) and (M,,o,idx) are 
isomorphic (which was established in Theorem 12. ip . In particular, the monoid 
(X, •,xo) is commutative if and only M, is commutative, which is (1). For parts 
(2) and (3) we need the following fact: 

Lemma 2.6 Let M be a submonoid of Tx for which the mapping 'is bijective. 
Then: 

(1) The monoid (M, o,idx) obeys the left cancellation law if and only if each 
mapping in M is injective. 

(2) The monoid (M, o,idx) a group if and only if each mapping in M is 
surjective, which is the case if and only if each mapping in M is a bijection. 
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Proof (1) Suppose (M, o,idx) obeys the left cancellation law. Let u G M and 
xi, X2 G X with u{xi) = u{x2)- Then there exist ui, M2 G M with ^m{ui) = xi 
and $^(^^2) = X2 (since $Af is surjective), and hence 

$m(m O Ui) = (UO Ui){Xo) = m(mi(xo)) = M($Af(Ml)) = u{xi) 

= U{X2) = u{^m{u2)) = u{u2{Xo)) = {u O U2){Xo) = ^m{u O U2) • 

It follows that MO Ml = U0U2 (since $m is injective) and so Ui = U2. In particular 
Xi = X2, which shows that u is injective. The converse is immediate, since if 
u G M is injective and uoui = U0U2 then ui = U2- 

(2) Suppose that each mapping in M is surjective. Let u G M; there then exists 
X G X such that u{x) = Xq (since u is surjective) and there exists f G M with 
^Miv) = X (since $m is surjective). It follows that 

$m(m ov) = (uo v){xo) = u{v{xo)) = u{^Miv)) = u{x) = Xo = $A/(idx) 

and therefore uov = idx, since $Af is injective. For each u & M there thus exists 
f G M with uo V = idx, and therefore (as in the proof of Proposition 11.21 (3)) 
(M, o, idx) is a group. Suppose conversely (M, o, idx) is a group. Then for each 
u G M there exists v E M with uov = vou = idx and so m is a bijection. □ 

We apply Lemma [2.61 to obtain parts (2) and (3) of Proposition 12.41 

(2) : The monoid (X, •, xq) obeys the left cancellation law if and only if (M, o, idx) 
does, which by Lemma [2.61 (1) is the case if and only if if each w G M is injective. 

(3) : The monoid (X, •,xo) is a group if and only if (M, o,idx) is, which by 
Lemma [2.61 (2) is the case if and only if if each mapping in M is surjective, and 
this is the case if if each mapping in M is a bijection. 

This completes the proof of Proposition 12.41 □ 

The statements in Proposition 11.21 can all be deduced from Proposition 12. 4[ Let 
A = (X, /, xq) be a minimal £s-algebra for which there exists a A-compatible 
monoid operation •, and so by Lemma 12.61 Mf = M,. By Proposition 12.41 (1) 
(X, •, xq) is commutative if and only if Mf is, and by the lemma following this is 
the case if and only if A is commutative. 

Lemma 2.7 If a suhmonoid M of Tx has a commutative generator A (meaning 
that u o V = V o u for all u, v E A) then M is commutative. 

Proof For each u G Tx the set = { f G Tx :vou = uov}isa submonoid, 
since idx o u = u = u o idx and if Mi, ^2 G Cu then 



{Ui O U2) OU = UiOU2 0U = UiOUOU2 = UOUiOU2=UO {ui O U2) 
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Now A G Cu for all u G A, since A is a commutative subset, and thus M G Cu 
for all u G A, i.e., v o u = u o v for aX\ u G A^ v G M. But this also says that 
A G Cy for each v G M, which implies that M G for each v G M, and hence 
shows that v o u = u o v for all u, v G M. □ 

Similarly, by Proposition 12.41 (2) {X,»,xo) obeys the left cancellation law if and 
only if each mapping in Mf is injective, which is the case if and only if fg is 
injective for each s G S, since {u G Tx '■ u is injective} is a submonoid of T^- In 
the same way Proposition 12.41 (3) implies (X, •,xo) is a group if and only if fs is 
surjective for each s G S, and which is the case if and only if fs is bijective for 
each s G S, since {u G Tx '■ u is surjective} is also a submonoid of Tx- 



3 Initial >C^-algebras 



In this section we look at in more detail at the £5-algebra A = {S*,<,e) of 
'real' lists of elements from S. Recall that S* = lJ,t>o with the element 
(si, . . . , Sn) of S"' usually written as si ■ ■ ■ Sn, s is the single element in and 
<s{si ■ ■ • Sn) — s Si ■ ■ ■ Sn, With <\s{^) — s E C S* . This vCg-algebra is 
minimal and the concatenation operation • given by 

is the unique A-compatible monoid operation. Moreover, the reflection <' of < in 
A is the mapping such that <^ is the operation of adding the element s to the end 
of a list, i.e., <^g{si ■ ■ ■ s„) = Si ■ ■ ■ s„ s. Another mapping which plays a role 
here is the mapping r : S* ^ S* which reverses a list, and so 

r{si ■■■ Sm) ^ Sm ■■■ Si 

for each list Si • • • s^. Thus r{e) — e and both <fgOr — r o<ig and <is o r = r o <i^ 
hold for each s & S. Moreover, r o r — idg*, i.e., reversing a list twice ends up 
with the original list. 

Now it might appear that there is not much more to say about this ^5-algebra 
with respect to the topics we have been considering. However, there are a couple 
of points which are not very satisfactory. The first concerns the implicit use 
of properties of the natural numbers in defining (5'*,<, e). For example, the 
definition of the set S'^ involves the segment {1, 2, . . . , n}, whose properties are 
usually taken for granted, but which are not so trivial to establish starting with 
the Peano axioms. We would prefer to avoid this dependence, in particular since, 
except for their appearance in some of the examples, the natural numbers have 
played no role in these notes. 

The second point is that some explanation is needed for why (5*, <, e) behaves hke 
it does, and the reason is that {S*,<,e) is an initial i^^-algebra. This basic fact 
is well-known and is usually taught in some form in most introductory computer 
science courses. We present this topic here, tying it in with the results from the 
previous sections and without in any way making use of the natural numbers. 

We start by introducing the structure preserving mappings between /Ig-algebras. 
If (X, /, xo) and {Y^g^no) are £s-algebras then a mapping tt : X — >■ y is called 
a morphism from {X, f, xq) to {Y, g, yo) if 7r(xo) = yo and Qs o tt — tt o fg ior all 
s e S. This will also be indicated by stating that tt : {X, /, xq) — >■ (Y, g, yo) is a 
morphism. 

Lemma 3.1 (1) For each Cs-algehra {X,f,xo) the identity mapping idx is a 
morphism from {X, f, xq) to {X, f, xq) . 

(2) If TT : {X,f,Xo) {Y,g,yo) and a : {Y,g,yo) {Z,h,Zo) are morphisms 
then a OTT is a morphism from {X, f, xq) to {Z, h, zq). 
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Proof (1) This is clear, since idx(a;o) = and fs o idx — fs — idx ° fs for all 
seS. 

(2) This follows since {a o Tr){xo) — a"(7r(j:o)) = cr(yo) = zq and 

/is o (cr o tt) = (/is o (j) o TT = (cr o c/s) o TT = (T o (gr^ o tt) = cr o (tt o Z^) = (cr o tt) o /s 

for all s e S. □ 

If 71 : {X,f,Xo) — )■ (F, 5',?/o) is a morphism then clearly tt o idx = tt = idy o tt, 
and if TT, (T and r are morphisms for which the compositions are defined then 
(rocr) OTT = TO (ctott). This means that >C5-algebras are the objects of a concrete 
category, whose morphisms are those defined above. 

Note that if {X, /, xq) is minimal then for each vC^-algebra (Y, g, yo) there can be 
at most one morphism tt : {X, /, xq) — >■ {Y, g, i/q), since if tti and 7r2 are two such 
morphisms then the set Xq = {x & X : 7ri(x) = 7i2{x)} contains Xq and is easily 
seen to be /-invariant. Thus Xq = X, since {X,f,xo) is minimal, i.e., tti = 7i2- 

An isomorphism is a morphism tt : (X, /, Xq) — )■ {Y,g,yQ) for which there exists 
a morphism cr : {¥, g, yo) {X, /, Xq) such that cr o tt = id^ and n o a = idy. In 
this case a is uniquely determined by tt: If cr' : {Y, g, yo) {X, /, xq) is also a 
morphism with a' ott — idx and tt o a' — idy then 

a' = a' o idy = u' o (tt o a) = (cr' o tt) o cr = idx o cr = cr . 

The morphism cr is called the inverse of tt. 

Lemma 3.2 A morphism tt : (X, /, xq) — >■ (Y, 51, yo) is an isomorphism if and 
only if the mapping tt : X ^ Y is a bijection; in this case the inverse morphism 
is the inverse mapping 7r~^ -.Y^X. 

Proof li a o TT — idx and tt o cr = idy then tt is a bijection and cr is the inverse 
mapping 7r~^ :Y^X. It thus remains to show that if tt is a bijection then the 
inverse mapping vr"^ : Y X defines a morphism from {Y.g.yo) to (X, /, Xq). 
Let y &Y] then there exists a unique x & X with y = tt^x) and thus 

/.(vr-^(y))) = fsix) = 7r-^(7r(/s(x))) = 7:~\gMm = ^"'(^.(y)) , 

and this implies that fs o Tr~^ — Tr~^ o gg for all s & S. Moreover 7r^^{yo) — xq, 
since 7r{xo) — yo, and therefore 7r~^ : (Y, g, yo) — >■ {X, f, xo) is a morphism. □ 

The ^5-algebras {X, /, xq) and (Y, 5^, |/o) are said to be isomorphic if there exists 
an isomorphism tt : {X,f,xo) — )■ (Y, gi,yo)- Being isomorphic clearly defines an 
equivalence relation on the class of all >C5-algebras. 

An >C5-algebra {X, f, xq) is said to be initial if for each >C5-algebra (Y, g, yo) there 
exists a unique morphism tt : (X, f,Xo) — )■ {Y,g,yo). 

The following simple fact about initial objects holds in any category: 
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Lemma 3.3 // (X, /, xq) and {Y,g,yo) are initial Cs-algebras then the unique 
morphism tt : (X, /, xq) — ?■ {Y,g,yo) is an isomorphism. In particular, {X,f,Xo) 
and {Y,g,yQ) are isomorphic. 

Proof Since {Y,g,yQ) is initial there exists a unique morphism a from {Y,g,yQ) 
to {X, /, Xo) and then by Lemma 13.11 (2) a o tt is a morphism from {X, /, Xq) to 
(X, /, Xq). But (X, /, Xq) is initial and so there is a unique such morphism, which 
by Lemma [3TT] (1) is idx, and hence a on = idx- In the same way (reversing the 
roles of (X, /, xq) and {Y, g, yo)) it follows that tt o a = idy and therefore vr is an 
isomorphism. □ 

An ^s'-algebra (X, /, xq) will be called unambiguous if the mapping fs is injective 
for each s E S and the sets /s(X), s E S, are disjoint and Xq ^ Uses fsi^)- 

Note that the £5-algebra {S*,<,e) is both minimal and unambiguous. 

Theorem 3.1 There exists an initial Cs-algehra, and an Cs-algehra is initial if 
and only if it is minimal and unambiguous. 

The second statement in Theorem 13.11 is often expressed by computer scientists 
by saying that the initial objects are characterised as having no junk (being 
minimal) and no confusion (being unambiguous). 

Theorem 3.2 Let K = (X, /, xq) be an initial Cs- algebra. Then: 

(1) There exists a unique A-compatible monoid operation •, and the monoid 
{X,»,xo) obeys both the left and right cancellation laws. 

(2) If f is the reflection of f in K then the Cs-algebra A' = (X, /',xo) is also 
initial. 

(3) If r : (X, /, Xq) — )■ (X, /',Xo) is the unique morphism (so by Lemma \3. 3\ r 
is an isomorphism) then r is also the unique isomorphism from (X, /',Xo) 
to (X, /, Xq) and r or = idx- 

We now start preparing for the proofs of Theorems 13.11 and 13.21 

Lemma 3.4 Let (X, /, xq) be a minimal Cs-algebra. Then for each x G X \ {xq} 
there exists x' G X and s E S so that x = fs{x'). 

Proof Let Xq be the subset of X consisting of xq together with all elements of 
the form /^(x) with s E S and x G X. Then Xq is clearly /-invariant and it 
contains Xq and hence Xq = X, since (X, /, xq) is minimal. □ 

Lemma 13.41 shows that if (X, /, xq) is a minimal unambiguous ^s'-algebra then 
for each element x G X \ {xq} there exists a unique s G S* and a unique x' G X 
such that X = /s(x'). 
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Lemma 3.5 Let (X, /, xq) be any Cs-algebra, let X° be the least f -invariant 
subset of X containing xq and for each s & S let be the restriction of fg to 
X^, considered as a mapping from X° to itself. Then the Cs-algebra /°, a;o) 
is minimal. 

Proof An /^-invariant subset X' of X^ containing xq is also an /-invariant subset 
of X containing xq and so X° C X' . Thus X' = X^, which imphes that the only 
/^-invariant subset of X° containing xq is X° itself. Therefore {X^,f^,xo) is a 
minimal ^5-algebra. □ 

Lemma 3.6 Let (X, /, xq) be a minimal Cs-algebra, {Y,g,yo) an unambiguous 
Cs-algebra and suppose there exists a morphism tc : (X, /, Xq) — > {Y,g,yQ). Then 
TT is injective and (X, /, xq) is unambiguous. 

Proof We first show that tt is injective, and so consider the set 

Xq = {x G X : x' = X whenever x' G X with 7r(x') = 7r(x)} . 

If x' G X \ {xq} then by Lemma 13.41 there exists s G S* and x" G X with 
x' = fs{x") and so tx{x') = Tx{fs{x")) = 5fs(7r(x")) 7^ Vo = vr(xo). Hence Xq G Xq. 
Also Xq is /-invariant: Let x G Xq and s G S* and suppose 7r(/s(x)) = 7r(x') for 
some x' G X. Then x' 7^ xq, since 7r(/s(x)) = (7s(7r(x)) ^ yo = vr(xo), and thus 
by Lemma [3.41 there exists t E S and x" G X with x' = ft{x"). It follows that 
gs{,T^{,x)) = 7r(/s(x)) = 7r(x') = 7r(/t(x")) = 5't(7r(x")), which is only possible if 
s = t and 7r(x) = 7r(x"). Hence x = x", since x G Xq, and so x' = /s(x), which 
means that /s(x) G Xq. Therefore Xq = X, since (X, /, xq) is minimal, i.e., vr is 
injective. 

It follows immediately that fs is injective for each s G S", since vr and gs are 
injective and n o f^ = g^ o it. Moreover 7r(/s(x)) = 5's(7r(x)) yo = vr(xo) and so 
/s(x) 7^ Xq for all X G X, s G 5. Finally, /s(x) = /t(x') can only hold if s = t and 
X = x' since then fi's(7r(x)) = 7r(/s(x)) = 7r(/t(x')) = 5't(7r(x')). Hence (X, /,xo) 
is unambiguous. □ 

Lemma 3.7 T/iere exzsis an unambiguous minimal Cs-algebra. 

Proof If (X, /, Xq) is unambiguous and (X°,/°,xo) is the minimal ^5-algebra 
given in Lemma 13.51 then clearly (X'',/°,xo) is also unambiguous. It is thus 
enough to show that an unambiguous £s-algebra exists. 

Choose any infinite set A, and so there exists a proper subset Aq of A and a 
surjective mapping 7 : — )■ A; also let e be some element not in 5*. Now let X 
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be set of all mappings from A to S U {e}, let xq be the constant mapping with 
xo(a) = e for all a G A, and for each s G S* let : X — )■ X be given by 



Then the /^^-algebra {X,f,xo) is unambiguous: fs{x){a) = s e = xo(a) for all 
a E A \ Aq, and thus xq ^ /s(X) for each s G 5*. In the same way, if s ^ t then 
fs{x){a) = s = ft{x') for all a G A \ Aq, and so /s(X) and /t(X) are disjoint. 
Finally, if /s(x) = /s(x') then a;(7(a)) = x'(7(a)) for all a G Aq, and hence x = x', 
since 7 : — t- A is surjective. This shows that fs is injective for each s G 5*. □ 

Note the use of the infinite set A and the mapping 7 : — )■ A in the above 
proof. If there was a need to be explicit we could here take A = N, = N \ {0} 
and 7 : — )■ A to be the unique mapping with 7(5(72)) = n for all n E A. 

Lemma 3.8 An initial Cs- algebra (X, /, xq) is unambiguous and minimal. 

Proof We first show that (X, /, xq) is minimal. Consider the minimal ^5-algebra 
(X°, p , Xq) given in Lemma [3. 51 Then the inclusion mapping of X° in X results 
in a morphism inc : (X*^, /°, Xq) — )• (X, /, Xq) and there exists a unique morphism 
TT : (X, /, Xq) — )■ (X'^,/°,xo). Therefore by Lemma [3.11 (2) there is a morphism 
inc o TT : (X, /, Xo) — (X, /, Xq). But idx is the unique such morphism, and so 
inc o TT = idx- Hence X = idx(X) = inc(7r(X)) C Xq, i.e., X = X°, and thus 
(X, /, Xo) is minimal. 

It remains to show that (X, /, xq) is unambiguous. By Lemma [3?7I there exists an 
unambiguous ^^-algebra (F, g, xq), so let vr : (X, /, xq) — )■ {Y, g, yo) be the unique 
morphism. Since (X, /, xq) is minimal we can apply Lemma 13. 6[ which gives us 
that (X, /, Xo) is unambiguous. □ 

Lemma 3.9 An unambiguous minimal Cs-algebra is initial. 

Proof The proof is almost identical to one of the standard proofs of the recursion 
theorem. Let (X, /, xq) be an unambiguous minimal ^^-algebra and (F, g, yo) be 
any ^^-algebra, and consider the ^5-algebra (X x F, / X5 (xq, yo))? where 
/Xs^:^xXxr->Xxyis given by (/ x^ c/)(s, x, ?/) = (/(s, x), ^(s, ?/)) for 
all s G 5*, X G X, y G F, and so (/ Xs g)s = /s x fi's for each s E S. Let Z be the 
least (/ X5 (7)-invariant subset of X x F containing (xq, yo) and let 

Xo = { X G X : there exists exactly one y eY such that {x,y) E Z} . 

It will be shown that Xq is an /-invariant subset of X containing xq, which 
implies that Xq = X, since (X, /, xq) is minimal. We twice need the following 
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fact: If {x,y) E Z \ {{xo,yo)} then there exists s G S" and {x',y') E Z such that 
{fs{x'),gs{y')) = ix,y). (This follows because {(xo,i/o)} U [Jsesif'^ ^ 9s){Z) is an 
{f y<s 5')-invariant subset of X x F containing {xo,yo) and so contains Z.) 

The element Xq is in Xq: Clearly {xo,yo) G Z, so suppose also {xo,y) G Z for 
some y 7^ yo. Then (xq,?/) E Z \ {{xo,yo)} and hence there exists {x',y') G Z 
and s E S with {fs{x'), gs{y')) = {xo,y). In particular /^(a:') = Xq, which is not 
possible, since (X, /, xq) is unambiguous. This shows that xq G Xq. 

Next let X G Xq and s E S and let ?/ be the unique element of Y with {x, y) G Z. 
Hence {fs{x), gs{y)) = (/« x gs)(x,y) G since Z is (/ x^ 5()-invariant. Suppose 
also {fs{x),y') G Z for some y' G F. Then {fs{x),y') e Z \ {{xo,yo)}, since 
/^(a;) ^ xo, and so ifsix),y') = {ftix"), gt{y")) for some t G 5 and (x",?/") G Z. 
In particular ft{x") = fs{x), and this is only possible with t = s and x" = x. 
since (X, /, xq) is unambiguous. Therefore y" = y, since x G Xq, which implies 
y' = gs{y") = gsiy)- This shows that gs{y) is the unique element y E Y with 
{fs{x),y) G 2' and in particular that /s(x) G Xq. 

We have established that Xq is an /-invariant subset of X containing xq, and 
so Xq = X. Now define a mapping vr : X — )■ F by letting 7r(x) be the unique 
element of Y such that (x,7r(x)) G Z for each x G X. Then 7r(xo) = since 
(xo,2/o) e Z and 7r(/^(x)) = 5's(vr(x)) for all x G X, s G 5", since {f{x),g{y)) G Z 
whenever (x,?/) G and so in particular (/^(x), 5's(7r(x))) G Z for all x G X, 
s G 5. This gives us a morphism vr from (X, /, xq) to {Y.g.yo), and it is easy 
to see that / being minimal implies that vr is unique. Therefore the £5-algebra 
(X, /, Xo) is initial. □ 

Proof of Theorem \3 . 1\: Lemmas 13.71 and 13.81 show that an ^^-algebra is initial if 
an only if it is minimal and unambiguous and this, together with Lemma [3.91 also 
shows that an initial ^g-algebra exists. □ 

Lemma 3.10 For each initial Cs-algebra A = (X, /, xq) there exists a reflection 
f off m A. 

Proof For each s G S there is a unique morphism : (X, /, xq) — )• (X, /, /^(xo)), 
and so /^'(xo) = fs{xo) and ft°f's = fs° ft for all t G S. Thus /' is a reflection 
of / in A. □ 

Proof of Theorem \3.^ Let A = (X, /, xq) be an initial £s-algebra; then by 
Lemma 13.81 A is minimal and by Lemma 13.101 there exists a reflection /' of / 
in A. Thus by Theorem 11.11 there exists a unique A-compatible monoid operation 
• . Moreover, A' = (X, /',xo) is also a minimal £5-algebra and the reflection •' 
of • is the unique A'-compatible monoid operation. 
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Let r : (X, /, xq) — )■ {X,f',Xo) be the unique morphism, hence r(xo) = Xq and 
f's o r = r o fg for all s G S*. We next show that r : (X, /', a;o) {X, f, xq) is also 
a morphism: Let Xq = {x E X : fs{r{x)) = r{fg{x)) for all s G 5*}. Then 

fs{r{xo)) = fsixo) = f'sixo) = f'Arixo)) = r(/,(xo)) = r{f:{xo)) 

for all s E S, and so Xq G Xq. Moreover, Xq is /-invariant: If Xq G Xq and t G S* 
then for all s G S" 

fs{r{ft{x))) = fsU'Mx)) 

= Wsirix))) = mfsix))) = r(/,(/:(x))) = rifsiMx))) 

and so ft{x) G Xq. Thus Xq = X, since A is minimal, i.e., fs°f = f°fs fo^' 
all s G S*. Since r(xo) = Xq this means that r : (X, /',Xo) — )• (X, /, Xq) is a 
morphism. 

Now (X, f',xo) is minimal and by Theorem 13.11 (X, /, xq) is unambiguous and 
hence by Lemma IXBl (X. /', Xq) is unambiguous. Thus by Theorem 13. II (X. /', Xq) 
is initial and so by Lemma [3.31 r : (X, /, Xq) — )■ (X, /', Xq) is an isomorphism. In 
particular, r : X — )■ X is a bijection and it then follows from Lemma 13.21 that 
r : (X, /',Xo) — )■ (X, /, Xq) is also an isomorphism. Moreover, by Lemma [3.11 (2) 
r o r : (X, /, Xq) — ?■ (X, /, Xq) is a morphism and hence r o r = idx, since idx is 
the unique such morphism. 

Finally, by Theorem 13.11 (X, /, xq) and (X, /', Xq) are both unambiguous and in 
particular the mappings fs and are injective for each s G S*. Proposition 11.21 
therefore implies that the monoid (X, •, xq) obeys the left and right cancellation 
laws (since (X, •, Xq) obeying the right cancellation law is the same as (X, •', Xq) 
obeying the left cancellation law). □ 

Lemma 3.11 Let (X, /, xq), {Y,g, i/q) be Cs-algehras. //(X, /, xq) is minimal 
then there is at most one morphism it : (X, /, Xq) — )■ {Y,g,yQ). If {Y,g,yo) is 
minimal then any morphism tt : (X, /, xq) — )■ (Y, g, yo) is surjective. Finally, if 
(X, /, xo) is minimal then a morphism n : (X, /, xq) — )■ (Y,g,yo) is surjective if 
and only if {Y, g, yo) is minimal. 

Proof As already noted, the first statement holds since if tti, 7C2 are morphisms 
from (X, /, Xo) to (Y,g,yo) then the set Xq = {x G X : 7ri(x) = tt2{x)} contains 
Xo and is /-invariant. Thus Xo = X, since (X, /, xo) is minimal, i.e., tti = 712. The 
second statement follows from the fact that 7r(X) contains yo and is (7-invariant. 
(If y = 7r(x) G 7r(X) and s e S then g^^y) = gsii^ix)) = vr(/^(x)) G 7r(X).) 
Hence tt{X) = Y, since {Y, g, y^) is minimal. It remains to show that if (X, /, xq) 
is minimal and tt : (X, /, Xo) — )■ (Y,g,yQ) is surjective then (Y,g,yo) is minimal. 
Thus consider a gf-invariant subset Yq of Y containing yo- Then 7r^^(lo) contains 
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Xo and it is /-invariant: If x G 7r^^(yo) (which means 7i{x) G Yq) and s G S* 
then ii{fs{x)) = (7s(7r(x)) G Yq, since Yq is (7- invariant, and so /s(x) G 7r^-'^(Fo)- 
Therefore 7r~^(yo) = X, since (X, /, xq) is minimal, which imphes Yq = Y, since 
TT is surjective. This shows that {Y,g,yo) is minimal. □ 

Let us call an £5-algebra A = (X, /, xq) regular if it is minimal and there exists a 
(unique) A-compatible monoid operation •. In this case {X, •, xq) will be referred 
to as the associated monoid and A' = (X, /', xq) (with /' the reflection of / in 
A) as the reflected ^^-algebra. 

Proposition 3.1 Let (X, /, xq) and {Y, g, uq) he regular Cs-algebras and suppose 
there exists a morphism vr : (X, /, Xq) — )■ {Y,g,yQ). Then vr is also a morphism 
TT : (X, /', Xo) —7- {Y, g', i/q) of the reflected Cs-algehras and a homomorphism 
71 : (X, •,Xo) — )■ (F, o, ?/o) of the associated monoids. 

Proof We first show vr is a homomorphism of the associated monoids, and for this 
consider the set Xq = {x G X : '7r(x • x') = tt{x) o 7r(x') for all x' G X}, which 
contains Xq, since 7r(xo • x') = 7r(x') = yo o 7r(x') = 7r(xo) o 7r(x') for all x' G X. 
Moreover, Xq is /-invariant: If x G Xq and s E S then 

7r(/s(a;) • x') = n{fs{x • x')) = 5's(7r(x • x')) 

= fi's(7r(x) o 7r(x')) = fi's(vr(x)) o 7r(x') = n{fs{x)) o n{x') 

for all x' G X, and so /s(x) G Xq. Thus Xq, since (X, /, Xq) is minimal, which 
shows that tt is a homomorphism. Now if x G X and s G 5* then by Proposition ll.2l 

g'si^^i^)) = T^ix) o 9s{yo) = 7r(x) o 7r(/,(xo)) = 7r(x • fs{xo)) = 7r(/^(x)) 

and hence o tt = tt o /^' for all s E S. This shows that tt is a morphism of the 
reflected /^s-algebras. □ 

Lemma 3.12 Let (X, /, xq) be a regular and [Y, g, y^) a minimal Cs-algebra and 
suppose there exists a morphism tt : (X, /, xq) — )■ (Y,g,yo). Then: 

(1) 7r(/s(xi)) = 7r(/s(x2)) holds for all s E S whenever 7r(xi) = 7r(x2). 

(2) 7r(x • Xi) = 7r(x • X2) holds for all x E X whenever 7r(xi) = 7r(x2). 

Proof (1) If 7r(xi) = 7r(x2) then 7r(/^(xi)) = gs{iT{xi)) = 5's(7r(x2)) = 7r(/s(x2)). 

(2) Let xi, X2 G X with 7r(xi) = 7r(x2) and consider the set Xq of those x G X 
for which 7r(x • Xi) = 7r(x • X2). Then 7r(xo • Xi) = 7r(xi) = 7r(x2) = 7r(xo • X2) 
and so Xq G X. Moreover, Xq is /-invariant: If x G Xq and s E S then 

7r(/^(x) • xi) = 7r(/s(x • xi)) 

= gsiTr{x • xi)) = 5's(7r(x • X2)) = vr(/,(x • X2)) = vr(/^(x) • X2) 

and so /^(x) G Xq. Thus Xq = X, since (X, /, xq) is minimal. □ 



3 Initial /^^-algebras 



28 



Proposition 3.2 Let (X, /, xq) be a regular and {Y,g, i/q) a minimal Cs -algebra 
and suppose that there exists a morphism it : (X, /, xq) — > {Y,g,yo). Then the 
following are equivalent: 

(1) 7r(/^(xi)) = 7r(/^(x2)) holds for all s E S whenever n{xi) = it{x2) ■ 

(2) 7r(xi • x) = 7i{x2 • x) holds for all x & X whenever 7r(xi) = n{x2)- 

(3) iY,g,yo) is regular. 

Proof (2) =^ (3): Let xi, x[, X2, x'^ G X with 7r(xi) = 'nix'x) and t^{x2) = tt{x2). 
Then 7r(xi • X2) = it{x[ • X2) and by Lemma 13.121 (2) tt{x[ • X2) = 'n'ix'i • X2) 
and so n{xi • X2) = t!'{x[ • X2). Thus, since by Lemma 13.111 tt is surjective, there 
exists a unique binary operation o on F such that 7i{xi • X2) = vr(a;i) o n{x2) for 
all xi, X2 e X. Then o is a monoid operation on (Y,yo): Let yi, y2, ys G Y and 
choose xi, X2, X3 G X with TT{xj) = yj for j = 1, 2, 3. It follows that 

(yi o ^2) oy3 = (vr(xi) o 7r(x2)) o 7r(x3) 

= 7t{xi • X2) o 7r(x3) = 7r((xi • X2) • X3) = 7r(xi • {X2 • X3)) 
= tt{xi) o tt{x2 • X3) = 7r(xi) o (7r(x2) o 7r(x3)) = 1/1 o (^2 o 1/3) 

and so o is associative. Also, if y = 7r{x) then 

yoyQ = tt{x) o n{xo) = n{x • Xq) = rc{x) = y 

and in the same way y^oy = y. Finally, ii y = 7r(a;) and s E S then 

9s{y) = 9s{Tr{x)) = 7r(/,(x)) 

= 7r(/s(xo) •x) = Tc{f s{xo)) o Tc{x) = 5'.(7r(xo)) oy = g,{yo) o y , 

which shows that gs is a translation in (Y,o,yo) for each s E S. Hence (Y,g,yo) 
is regular. 

(3) =^ (1): By Proposition 13.11 tt is also a morphism of the reflected £5-algebras 
TT : {X,f',Xo) — i- (Y,g',yo). Thus if Xi, X2 E X with 7r(xi) = 7r(x2) then 

= g'si-^ixi)) = ^^(vr(x2)) = 7r(/;(x2)) . 

(1) ^ (2): Consider the set Xq of those x G X for which 7i(xi • x) = n{x2 • x) 
holds whenever xi, X2 G X with 7r(xi) = vr(x2), and so in particular xq G Xq. 
Let X G Xq and Xi, X2 G X with 7r(xi) = 7r(x2). Then 7r(xi "x) = 7r(x2 •x), since 
X G Xq, and so by (1) 7r(/^(xi •x)) = vr(/^(x2 •x)). But /^(x'«x) = x' • f'^{x) for 
all x' G X and hence 7r(xi • fs{x)) = tt{x2 • f's{x)), which shows that /^(x) G Xq, 
i.e., Xq is /'-invariant. Thus Xq = X, since (X, /', xq) is minimal, which implies 
that (2) holds. □ 
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Let (X, /, xo) be an £5-algebra, let (Y,yo) be a pointed set and p : X ^ Y he 
a surjective mapping with p{xq) = yo. Then there is an equivalence relation ^ 
on X with xi ~ X2 if and only if p{xi) = p{x2). Conversely, if we start with 
an equivalence relation on X, let Y be the set of equivalence classes and p be 
the mapping which assigns to each element x the equivalence class [x] to which it 
belongs then p : X ^ Y is surjective with p{xo) = yo, where yo = [xq]. Now there 
exists a mapping g : S x Y ^ Y so that p : (X, f,Xo) — t- (Y, g, yo) is a morphism 
if and only if p{fs{xi)) = p{fs{x2)) for all s G 5 whenever p{xi) = p{x2), or, what 
is equivalent, if and only if fs{xi) ~ fs{x2) for all s G whenever xi ~ X2- 

Suppose this requirement is met. If {X, /, xq) is minimal then by Lemma 13.111 
{Y,g,yQ) is also minimal. Moreover, Proposition 13.21 implies that if (X, /, xq) is 
regular then {Y, g, yo) is regular if and only if = p{f's{x2)) for all s G S* 

whenever p{xi) = p{x2) (or, what is the same, if and only if fs{xi) ~ fs{x2) for 
all s G S* whenever Xi ~ X2). In this case it follows from Proposition 13.11 that 
71 : (X, •, Xq) — )■ {Y, o, ?/o) is a homomorphism of the associated monoids. 

We end the section by considering a class of £s-algebras defined in terms of 
suitable subsets of a given initial ^5-algebra. In what follows let (X, /, Xq) be an 
initial ^^-algebra (and so by Theorem 13. II (X. /, xq) is minimal and unambiguous) 
and let A be a subset of X containing xq and such that X \ A is /-invariant. Put 

dA = {xgX\A : X = fs{x') for some x' & A and some s G 5*} 

and let A = AU dA. 

Lemma 3.13 fs{A) C A and fs{X \ A) G X \A for each s E S. In particular, 
the set X \A is also f -invariant. 

Proof The first statement (that fs{A) C A) follows from the definition of dA. 
Now if fs{x) G dA for some s G S* then x E A (since fs{x) = ft{x') for some 
x' E A, t E S and then s = t and x = x' because (X, /, xq) is unambiguous). 
Hence if x G X \ A and s E S then /s(x) ^ dA, and also fs{x) E X \ A, since 
X \ A is /-invariant. Thus /^(x) E X\A for all x G X \ A. □ 

Since fs{A) C A we can define for each s G S* a mapping // : A — )■ A by 




/,(x) if X G A , 
X if X G dA . 



This gives us an /^^-algebra {A, /^,xo). 



Lemma 3.14 The Cs-algebra {A,f^,xo) is minimal. 



3 Initial /^^-algebras 



30 



Proof Let Aq be an /"^-invariant subset of A containing xq, and consider the 
subset Xq = AqU {X \A) of X . Then xq G Xq and Xq is /-invariant: Let x G Xq 
and s e S. If x e X \ A then by Lemma 13.131 fs{x) e X \ A C Xq] on the 
other hand, if x G A then x E Aq and so fs{x) = f^{x) G Xq. Thus in both 
cases fs{x) G Xq. Hence Xq = X, since (X, /, xq) is minimal, which imphes that 
Aq = A. This shows that {A, f^, xq) is minimal. □ 

Theorem 3.3 The Cs-algebra {A, f^, xq) regular if and only if the set X \ A is 
also f '-invariant (with f the reflection of f in {X, f,xo)). 

The proof of Theorem 13.31 requires some preparation. Since (X, /, xq) is initial 
there exists a unique morphism p : (X, /, xq) — > {A, f^,xo). Hence p{xo) = xq 
and p o fs = ff' ° P, i-e., for all s G 5 



Lemma 3.15 (1) p{x) = x for all x G A. 

(2) p{x) G OA for all X e X \ A. 

(3) p{fs{x)) = p{x) for all X e X \ A, s e S. 

Proof (1) Let Xq = {x G X : p(x) = x} U (X \ A). Then xq G Xq, since 
p{xq) = Xo, and Xq is /-invariant: Let x G Xq and sG5';ifxGX\74 then 
/s(x) G X \ A C Xq, since X \ A is /-invariant. On the other hand, if x G A then 
p{x) = X (and so in particular p(x) G A) and hence p{fs{x)) = /s(p(x)) = /s(x), 
which again means /s(x) G Xq. Thus Xq = X, since (X, /, xq) is minimal, and 
this shows that p{x) = x for all x E A. Moreover, if x G dA then x = fs{x') 
for some x' E A and some s G S* and then, since p{x') = x', it follows that 
p(x) = p(/s(x')) = /s(p(x')) = /s(x') = X, i.e., p(x) = X holds for all x G 

(2) Let Xq = {x G X : p{x) G dA} U A. Then xq G Xq, since Xq G A, and 
Xq is /-invariant: Let x G Xq and sGS*; if xGX\A then p{x) G 9^4 and 
so p(/s(x)) = p(x) G 9y4, i.e., /s(x) G Xq. On the other hand, if x G A then 
either /s(x) G A, in which case /s(x) G Xq, or /^(x) G dA, in which case by (1) 
p{fs{x)) = fs{x) G dA, and again /^(x) G Xq. Thus Xq = X, since (X, /,xo) is 
minimal, and this shows that p{x) G dA for all x G X \ A. 

(3) This follows from (2), since p{fs{x)) = p{x) whenever p{x) G dA. □ 

By Lemma 13.151 (1) the mapping p : X ^ A is surjective and so Lemma 13.111 
confirms that {A, /^,xo) is a minimal /^s'-algebra. 
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Lemma 3.16 (1) For each x & X \A there exists x' & X with x = x' 
(2) If X E X \A then x' • x E X \A and p{x' • x) = p{x) for all x' G X . 

Proof (1) Let Xq = AU {x E X \ A : there exists x' E X with x = x' • p{x)}. 
Then xq G A C Xq, and Xq is /-invariant: Consider x G Xq and s G S* and 
we can assume that fs{x)EX\A. li x E A then fs{x) G dA and so by 
Lemma [3A5] (1) /^(x) = p{fs{x)) = Xq •p{,fs{x)), i.e., /^(x) G Xq. On t he ot her 
hand, if x E X \ A then x = x' • p{x) for some x' G X and by Lemma 13.151 (3) 
p(x) =p{f^{x)) and hence /^(x) = fs{x'»p{x)) = fs{x')»p{x) = fs{x') •pifsix)), 
and again fs{x) E Xq. Thus Xq = X, since (X, /, xq) is minimal, and this shows 
that for each x E X \A there exists x' G X with x = x' • p{x). 

(2) Fix X G X \ A and let Xq = {x' G X : x' • x G X \ A and p{x' • x) = p{x)}. 
Then Xq contains Xq, since Xq • x = x, and it is /-invariant: If x' G Xq and 
s E S then /s(x') • x = /s(x' • x) E X \ A, since X \ A is /-invariant, and by 
Lemma [3. 151 (3) p( fJx')»x) = p{fs{x' •x)) =p{x'»x) =p(x),and so /^(x') G Xq. 
Thus Xo = X, since (X, /, xq) is minimal, and this shows that x' •x E X\A and 
p{x' • x) = p(x) for all x' G X. □ 

Lemma 3.17 (A,f^,Xo) is regular if and only if p{f's{x)) = p{f's{p{x)) for all 
xeX\A, seS. 

Proof By Proposition 13.21 the /^^-algebra (A, /"^,xo) is regular if and only if 
= P{f's{^2)) for all s G S* whenever Xi, X2 G X withp(xi) = p(x2). Thus 
if (A, f^, Xo) is regular then p(/^(x)) = p{f's{p{x)) for all x G X \ A, s G S', since 
by Lemma [3. 151 (1) and (2) p(x) = p{p{x)) for all x G X \ A. Suppose conversely 
Pif'si^)) = Pif'siPi^)) all X G X \ A, s G 5, and consider Xi, X2 G X with 
p{xi) = p{x2)- We will show that p(/^(xi)) = p(/^(x2)). Now if at least one of 
Xi and X2 is in A then by Lemma [3. 151 p(xi ) = p{x2) holds only if xi = X2 and 
in this case p{f's{xi)) = p(/^(x2)) holds trivially. We can therefore assume that 
xi, X2 G X \ v4 and hence p{f',{xi)) = p(/^(p(xi)) = pWsi.Pi.X2)) = p(/^(x2)) for 
all s E S. a 

Proof of Theorem \3.3l Suppose first that X \ A is /'-invariant. Let x E X \ A 
and put X = p{x). By Lemma 13.151 (2) x G dA G X \A and by Lemma 13.161 (1) 
there exists x' G X with x = x' • x. It follows that /^(x) = /^(x' • x) = x' • /^(x) 
and f'g{x) G X \ y4, since X \ A is /'-invariant; hence by Lemma [3.161 (2) 

p{f',{x)) = p{x' . /^(x)) = p{f:{x)) = pif'M^))) 

for all s E S. Therefore by Lemma [3. 171 {A, /^,xo) is regular. 

Suppose conversely that {A, /^,Xo) is regular and let x G X \ A and s E S. By 
Lemma [3.171 pi f'Jx)) = pif'sipix)) and thus if /^'(x) G A then by Lemma [3.151 
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fs{x) = f!,{p{x)), which imphes that x = p{x), since by Theorems 13.11 and 13.21 f 
is unambiguous, which in turn imphes that x G dA. This shows fs{x) ^ X \ A 
for all X E X\A and so it remains to show that fs{x) E X\A whenever x G dA. 
Let x' G X \ {xq}; by Lemma 13.161 • x E X \ A and p{x' • x) = p{x) = x and 
hence p(/^(a;)) = p{fs{p{x' • x))) = p{fs{x' • x)). If /^(x) G A then, as above, 
it would follow that /^(x) = /^(x' • x) and therefore xq • x = x = x' • x, again 
since /' is unambiguous. But this is not possible, since by Theorem 13.21 the right 
cancellation law holds in (X, •, xq). Thus /^(x) E X \A. □ 
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